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Most traditional soft sensors are built upon the labeled dataset that contains equal
numbers of input and output data samples. However, the output variables that corre-
spond to quality variables and other important controlled variables are always difficult
to obtain in chemical processes. Therefore, we may only obtain the output data for a
small portion of the whole dataset and have much more input data samples. In this ar-
ticle, a semisupervised method is proposed for soft sensor modeling, which can
successfully incorporate the unlabeled data information. To determine the effective
dimensionality of the latent space, the Bayesian regularization method is introduced
into the semisupervised model structure. Two industrial application case studies are
provided to evaluate the feasibility and efficiency of the newly developed probabilistic
soft sensor. VVC 2010 American Institute of Chemical Engineers AIChE J, 57: 2109–2119, 2011
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Introduction

In chemical processes, soft sensors have been widely used
for estimating product or other important controlled varia-
bles. Traditionally, soft sensors are expressed as first princi-
ple models, which are based on physical principles such as
mass, components, and energy balances of the process. How-
ever, they often need complete knowledge of the process,
which is difficult to obtain from complex chemical proc-
esses. On the other hand, data-based method for soft sensor
development has become very popular in recent years. This
is because a huge number of process data have been
recorded by the distributed control system, which has been
widely installed in modern industrial processes.

Along last several decades, data-based soft sensors have
been intensively researched both in industry and in acad-
emy areas. Among all developed soft sensor models, con-
ventionally used ones include: principal component analysis

(PCA)/principal component regression (PCR),1–3 partial
least squares (PLS),4–8 artificial neural networks,9–12 and
support vector machine.13–20 According to the recent review
on data-driven soft sensor in process industry, the most ac-
ceptable technique is PCA/PCR.21 In our opinion, the main
reason is PCA/PCR is very simple to implement in practi-
cal application. When the soft sensor acts as a functional
module in the process control system, the integration
between different parts of the system will become much
easier when the simple PCA/PCR method is used as the
soft sensor. To our knowledge, up to now, PCA/PCR is
still a hot research spot both in the chemical engineering
and other related areas.22–24

Generally, data-based soft sensors always need complete
data samples (both input and output variables) for modeling.
In this article, we denote the dataset that contains both input
and output data samples as the labeled dataset and denote
the one that only consists of input data samples as the unla-
beled dataset. Therefore, most traditional data-based soft
sensors are modeled upon the labeled dataset. However, as
we know, the output variables that correspond to quality var-
iables and other important controlled variables are always
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difficult to measure. To this end, we may only obtain the
output data for a small portion of the whole dataset and
have much more input data samples. It is straightforward
that we can just use the labeled dataset for soft sensor devel-
opment and ignore the information of the unlabeled dataset.
However, as the data information is not sufficiently used, the
performance of the developed soft sensor may not be guar-
anteed, especially when the portion of the labeled dataset is
very small.

Model training with both labeled and unlabeled data sam-
ples is termed as semisupervised learning in the statistical
machine learning area, which has caught much attention in
recent years.25–37 If we treat the unlabeled data samples as
missing data in the probabilistic model, several missing data
treatment methods can be incorporated to address the unla-
beled data samples, such as the expectation-maximization
(EM) algorithm.25,27 By incorporating the unlabeled data in-
formation into the supervised model or directly training the
model from both labeled and unlabeled datasets, semisuper-
vised models can always perform better than existing meth-
ods. Recent surveys on the semisupervised learning method
have been given by Zhu and Chapelle et al.30,31 in which
different semisupervised learning methods have been intro-
duced. Traditional semisupervised learning methods include
self-training-based methods, probabilistic generative model-
based methods, cotraining methods, graph-based methods,
and so on. In this article, however, we only focus on the
probabilistic generative model-based semisupervised method.
Corresponding to the PCA method, PCR can be considered
as its supervised form because the output data information
has been incorporated. Recently, a semisupervised form of
PCA has been proposed in the machine learning area,
depending on which the modeling performance has been
greatly improved.38 However, the method cannot determine
the dimensionality of the latent space automatically, which
is very important in latent model structure such as PCR. To
our best knowledge, the semisupervised form of PCR has
not yet been reported in the chemical engineering area, espe-
cially for soft sensor modeling.

In this article, we intend to develop the soft sensor based
on both labeled and unlabeled datasets. Because of the wide
utilization of the PCR method for soft sensor development,
a semisupervised learning strategy is incorporated into this
model, based on which all available data information can be
used. Different from the traditional PCR method, the new
semisupervised approach constructs the model through a
probabilistic manner and, thus, can model the process noise
information simultaneously. However, like other probabilis-
tic statistic methods such as probabilistic principal compo-
nent analysis and factor analysis, an important issue is how
to determine the dimensionality of latent variable space. As
the probabilistic model structure itself does not provide any
mechanism to determine this important value, other methods
should be used. In our opinion, the determination of the
latent space dimensionality can be considered as a model
complexity problem, which can be treated by the Bayesian
method.39–41 Different from existing dimensionality determi-
nation methods such as cross validation and try-and-error,
the Bayesian method can automatically select the dimension-
ality through the modeling process and does not need any
additional validation dataset.

Hence, a semisupervised Bayesian PCR (SBPCR) model is
proposed. Contributions of this article can be summarized as:
(1) A new semisupervised PCR model is proposed for soft
sensor development under both labeled and unlabeled data-
sets; (2) based on the semisupervised PCR model, a further
Bayesian regularization step is provided for dimensionality
selection of the latent variable space; (3) the developed semi-
supervised Bayesian method is used for probabilistic soft sen-
sor modeling under both labeled and unlabeled data samples.
The rest of this article is organized as follows: In Section
‘‘Principal Component Regression,’’ the traditional PCR
method is briefly introduced, followed by the detailed
description of the proposed SBPCR model for soft sensor de-
velopment. In Section ‘‘Case Studies,’’ two industrial applica-
tion case studies are provided to evaluate the performance of
the proposed method. Finally, some conclusions are made.

Principal Component Regression

Suppose the measurement matrix can be represented as X

[ Rn�m, where n is the number of data sample and m is the
number of measured variables. The predicted variable matrix
can be given as Y [ Rn�r, where n is the number of data
sample and r is the number of predicted variables. In this ar-
ticle, for simplicity, it is assumed that the mean values of all
data samples have been removed. The aim of PCR is to find
a set of principal components that span the original measure-
ment variable space. The procedure of PCR can be divided
into two steps. The first step is to extract principal compo-
nents from the measurement matrix X, and the second step
is to calculate the regression matrix between the extracted
principal components and the predicted variable matrix Y.
The traditional derivation of PCR can be expressed as
follows2:

X ¼ TPT þ E (1)

Y ¼ TCT þ F; (2)

where P [ Rm�k is the loading matrix, T [ Rn�k is the principal
component matrix, k is the selected number of principal
components, C [ Rr�k is the regression matrix, and E and F are
the residuals matrices with appropriate dimensions. For a new
data sample xnew [ Rm�l, the predicted variables can be
calculated as follows:

ŷnew ¼ CPTxnew: (3)

SBPCR Model Development

In this section, the proposed semisupervised PCR model is
first developed through a probabilistic way, which is fol-
lowed by its Bayesian regularization method. Then, a new
soft sensor will be built based on the SBPCR model.

Semisupervised PCR model

Although the traditional PCR method develops the model
through a data projection manner, the semisupervised PCR
method intends to construct the model through the following
generative model structure
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xi ¼ Pti þ ei

yj ¼ Ctj þ f j; (4)

where i ¼ 1,2,…,n, j ¼ 1,2,…,n1, n1 is the size of the labeled
dataset, and n2 ¼ n � n1 is the size of the unlabeled dataset. P
[ Rm�k and C [ Rr�k are the corresponding loading matrix and
regression matrix, respectively, where m is the number of input
variables and, r is the number of output variables. t [ Rk�l is
the principal component vector, e [ Rm�l and f [ Rr�l are
process noises of the input and output variables, respectively.
In the probabilistic PCR model structure, it is assumed that
both probability density functions of the principal component
and the process noise are Gaussian, thus p(t) ¼ N(0,I), p(e) ¼
N(0,r2xI), and p(f) ¼ N(0,r2yI), where I is an identity matrix,
and r2x and r2y are noise variances of the input and output
variables, respectively.

First, the labeled and unlabeled datasets can be denoted as
X1¼½x1; x2;…; xn1 �T 2Rn1�m, Y ¼ ½y1; y2;…; yn1 �

T 2 Rn1�r ,
and X2 ¼ ½xn1þ1; xn1þ2;…; xn1þn2 �T 2 Rn2�m, then the mar-
ginal distribution of the labeled and unlabeled data samples
can be calculated as follows:

pðxj; yjjP;C;r2x;r2yÞ¼
Z

pðxjjtj;P;r2xÞpðyjjtj;C;r2yÞpðtjÞdtj
(5)

pðxn1þi; jP;r2xÞ ¼
Z

pðxn1þijtn1þi;P; r
2
xÞpðtn1þiÞdtn1þi; (6)

where j ¼ 1,2,…,n1 and i ¼ 1,2,…,n2. It is noted that we have
used the property of conditional independence of the input and
output variables. That is, all input and output variables are
conditionally independent to each other given the latent
variables.38 Following the maximum likelihood framework,
the likelihood function can be calculated as

pðX;YÞ ¼ pðX1;YÞpðX2Þ: (7)

For simplicity, the maximum likelihood function can be
transformed to the log form. Notice Eqs. 5 and 6, the log-
likelihood function can be formulated as

LðX;YÞ ¼ LðX1;YÞ þ LðX2Þ
¼ ln

Qn1
j¼1

pðxj; yjjP;C; r2x;r2yÞ þ ln
Qn2
i¼1

pðxn1þijP; r2xÞ: ð8Þ

Through maximizing the log-likelihood function, the pa-
rameter set of the semisupervised PCR model H ¼
{P,C,r2x,r

2
y} can be determined. To maximize this log-likeli-

hood function, the well-known EM algorithm can be used,
which can guarantee that the log likelihood never decreases
when this algorithm is carried out iteratively. In the E-step
of the EM algorithm, we are given the parameters Hold

obtained in the previous M-step; the aim of this step is to
determine the sufficient statistics of the principal compo-
nents. In the M-step, it is assumed that the sufficient statis-

tics of the principal components have been obtained, we try
to calculate the new parameter set Hnew by maximizing the
log-likelihood function.

In the E-step, the posteriori distribution of the principal
components under the labeled and unlabeled datasets can be
calculated separately, which are given in Eqs. 9 and 10,
respectively.

pðtjjxj; yj;P;C;r2x; r2yÞ ¼
pðxjjtj;P; r2xÞpðyjjtj;C;r2yÞpðtjÞ

pðxj; yj;P;C;r2x; r2yÞ
(9)

pðtn1þijxn1þi;P; r
2
xÞ ¼

pðxn1þijtn1þi;P; r2xÞpðtn1þiÞ
pðxn1þi;P; r2xÞ

; (10)

where j ¼ 1,2,…,n1 and i ¼ 1,2,…,n2. Again, we have used
the conditional independence property of the input and output
variables given the latent variable. It can be easily inferred
that all terms in the right hand of Eqs. 9 and 10 are Gaussian
distributed. Therefore, the two calculated posterior pro-
babilities also follow Gaussian distribution; the expected
mean and variance values of which can be easily formulated as
follows:

Eð̂tjjxj; yjÞ¼ðr�2
x PTPþ r�2

y CTCþ IÞ�1ðr�2
x PTxj þ r�2

y CTyjÞ
� Eð̂tĵtTj jxj; yjÞ ¼ ðr�2

x PTPþ r�2
y CTCþ IÞ�1

þ Eð̂tjjxj; yjÞET ð̂tjjxj; yjÞ ð11Þ

Eð̂tn1þijxn1þiÞ ¼ ðPTPþ r2xIÞ�1
PTxn1þi

Eð̂tîtTi jxi; yiÞ ¼ r2xðPTPþ r2xIÞ�1

þEð̂tn1þijxn1þi; yn1þiÞET ð̂tn1þijxn1þi; yn1þiÞ: ð12Þ

In the M-step, the new parameter set Hnew can be calcu-
lated by maximizing the log-likelihood function. This can be
done by setting the partial derivatives of L(X, Y) with
respect to each parameter to be zero. The results of updated
parameters are given as follows38:

@½LðX;YÞ�
@P

¼ 0 ) Pnew

¼
Xn1
j¼1

xjE
T ð̂tjjxj; yjÞ þ

Xn2
i¼1

xn1þiE
T ð̂tn1þijxn1þiÞ

" #

�
Xn1
j¼1

Eð̂tĵtTj jxj; yjÞ þ
Xn2
i¼1

Eð̂tn1þît
T

n1þijxn1þiÞ
" #�1

ð13Þ

@½LðX;YÞ�
@C

¼ 0 ) Cnew ¼
Xn1
j¼1

yjE
T ð̂tjjxj; yjÞ

" #

�
Xn1
j¼1

Eð̂tĵtTj jxj; yjÞ
" #�1

ð14Þ
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@½LðX;YÞ�
@r2x

¼ 0 ) r2newx ¼
Pn1
j¼1

xTj xj þ
Pn2
i¼1

xTn1þixn1þiþ

trace PnewTPnew
Pn1
j¼1

Eð̂tĵtTj jxj; yjÞ þ
Pn2
i¼1

Eð̂tn1þît
T

n1þijxn1þiÞ
" #( )

�2trace PnewT Pn1
j¼1

xjE
T ð̂tjjxj; yjÞ þ

Pn2
i¼1

xn1þiE
T ð̂tn1þijxn1þiÞ

" #( )

mn

ð15Þ

@½LðX;YÞ�
@r2y

¼ 0 ) r2newy

¼

Pn1
j¼1

yTj yj þ tracefCnewTCnew½Pn1
j¼1

Eð̂tĵtTj jxj; yjÞ�g

�2trace CnewT Pn1
j¼1

yjE
T ð̂tjjxj; yjÞ

" #( )
rn1 ; ð16Þ

where trace(�) is a calculator for matrix trace.
Up to now, we have developed the detailed semisuper-

vised PCR model. An important assumption of this model is
that the number of retained principal components is known
beforehand. However, how to determine this important num-
ber is not an easy task, especially under the semisupervised
PCR model structure. As mentioned above, the number
selection of the retained principal components can be consid-
ered as a model complexity problem. In this case, the Bayes-
ian method can be incorporated, which has been widely used
for model selection in different areas. In this method, a
hyperparameter is introduced upon the prior distribution of
the model parameter, based on which the complexity of the
model can be successfully controlled. In the following sub-
section, the Bayesian regularization method of the semisu-
pervised PCR model will be demonstrated.

Bayesian regularization of semisupervised PCR model

First, a Gaussian prior distribution over each of the two
loading matrices {P,C} of the semisupervised PCR model
defined in Eq. 4 can be defined, which are given as follows39:

pðPjaÞ ¼
Yd
i¼1

ai
2p

� �m=2
exp � 1

2
ai pik k2

� �
(17)

pðCjbÞ ¼
Yd
j¼1

bj
2p

� �r=2

exp � 1

2
bj cj
�� ��2� �

; (18)

where pi is the ith column of the loading matrix P, and cj is the
jth column of the loading matrix C. The two hyperparameter
vectors a ¼ {a1,a2,…,ad} and b ¼ {b1,b2,…,bd} are
introduced to control the dimensionality of the loading
matrices P and C. If ai or bj has a large value, the
corresponding pi or cj will tend to be very small and so would
be effectively removed from the loading matrix. Therefore, the
effective dimensionality of the principal components can be
determined as follows:

k ¼ min½dimðPÞ; dimðCÞ�; (19)

where min[�] represents to extract the minimum value and
dim(�) represents the dimensionality of the corresponding
loading matrix.

To optimize the parameter set of the new SBPCR model,
we can maximize the log posterior distribution function,
which can be calculated by the Bayesian rule, given as

ln pðP;CjX;YÞ ¼ ln
pðX;YjP;CÞpðPÞpðCÞR R

pðX;Y;P;CÞdPdC
¼ ln

pðX1;YjP;CÞpðX2jPÞpðPÞpðCÞR R
pðX1;Y;P;CÞpðX2;PÞdPdC

¼ LðX;YÞ � 1
2

Pm�1

i¼1

ai pik k2� 1
2

Pm�1

j¼1

bj cj
�� ��2 þ const; ð20Þ

where we have initially set the dimensionality of the principal
component as its maximum value d ¼s m � 1. To estimate the
optimal values of P, C, and r2x, r

2
y, the iterative EM algorithm

can again be used. Thus, by maximizing P, C, and r2x, r
2
y in the

posterior distribution function given in Eq. 20, the EM
algorithm can be constructed as follows.

In the E-step of the EM algorithm, the expected sufficient
statistics of the principal components under labeled and unla-
beled datasets can be evaluated as follows:

Eð̂tjjxj; yjÞ¼ðr�2
x PTPþ r�2

y CTCþ IÞ�1ðr�2
x PTxj þ r�2

y CTyjÞ
Eð̂tĵtTj jxj; yjÞ ¼ ðr�2

x PTPþ r�2
y CTCþ IÞ�1

þ Eð̂tjjxj; yjÞET ð̂tjjxj; yjÞ ð21Þ

Eð̂tn1þi
jxn1þi

Þ ¼ ðPTPþ r2xIÞ�1
PTxn1þi

Eð̂tn1þi
t̂
T

n1þi
jxn1þi

Þ ¼ r2xðPTPþ r2xIÞ�1

þEð̂tn1þi
jxn1þi

ÞET ð̂tn1þi
jxn1þi

Þ ð22Þ
where j ¼ 1,2,…,n1, and i ¼ 1,2,…,n2.

Based on the expected sufficient statistics obtained in the
E-step, the M-step could update the model parameters
{P,C,r2x,r

2
y,a,b} by maximizing the log posterior distribution

function given in Eq. 20; the updated results are detailedly
demonstrated as follows:

âi ¼ m

pik k2 (23)

b̂j ¼
m

cj
�� ��2 (24)

Pnew ¼
Xn1
j¼1

xjE
T ð̂tjjxj; yjÞ þ

Xn2
i¼1

xn1þiE
T ð̂tn1þijxn1þiÞ

" #

�
Xn1
j¼1

Eð̂tĵtTj jxj; yjÞ þ
Xn2
i¼1

Eð̂tn1þît
T

n1þijxn1þiÞ þ r2xA

" #�1

ð25Þ

Cnew ¼
Xn1
j¼1

yjE
T ð̂tjjxj; yjÞ

" # Xn1
j¼1

Eð̂tĵtTj jxj; yjÞ þ r2yB

" #�1

(26)
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r2newx ¼Pn1
j¼1

xTj xj þ
Pn2
i¼1

xTn1þixn1þi

þtrace PnewTPnew½Pn1
j¼1

Eð̂tĵtTj jxj; yjÞ þ
Pn2
i¼1

Eð̂tn1þi
t̂
T

n1þi
jxn1þi

Þ�
( )

�2trace PnewT ½Pn1
j¼1

xjE
T ð̂tjjxj; yjÞ þ

Pn2
i¼1

xn1þi
ET ð̂tn1þi

jxn1þi
Þ�

( )

mn

ð27Þ

r2newy ¼

Pn1
j¼1

yTj yj þ tracefCnewTCnew½Pn1
j¼1

Eð̂tĵtTj jxj; yjÞ�g

�2trace CnewT Pn1
j¼1

yjE
T ð̂tjjxj; yjÞ

" #( )

rn1
;

(28)

whereA¼ diag (ai, i¼ 1,2,…,d) and B¼ diag (bj, j¼ 1,2,…,d)
are both diagonal matrices. Therefore, until all of the
parameters are converged, the optimal values of {P, C, and
r2x, r

2
y,a,b} can be determined by recursively calculating E-

step and M-step given above. Detailed derivation of the
EM algorithm for the SBPCRmodel is provided in Appendix A.

Soft sensor model and prediction

After the SBPCR model has been developed, the corre-
sponding soft sensor can be constructed. Suppose the
retained number of principal components is selected as k.
When the new measurement input data sample xnew is avail-
able, the principal component tnew can be first calculated as

t̂new¼ ½r�2
x Iþ Pð:; 1 : kÞTþ Pð:; 1 : kÞ��1

Pð:; 1 : kÞTxnew (29)

where P(:,1:k) means to extract the first k columns of the P

loading matrix. Then, the estimated predicted variables can be
calculated as follows:

ŷnew ¼ Cð:; 1 : kÞ̂tnew ¼ Cð:; 1 : kÞ
� ðr�2

x Iþ Pð:; 1 : kÞTPð:; 1 : kÞÞ�1
Pð:; 1 : kÞTxnew ð30Þ

Similarly, C(:,1:k) represents the first k columns of the C

loading matrix. Therefore, the estimation error of the proba-
bilistic soft sensor is given as follows:

ernew ¼ ynew � ŷnew; (31)

where ynew is the real value of the predicted variables.
To evaluate the performance of the developed probabilis-

tic soft sensor, the root mean square error (RMSE) criterion
can be used, which is defined as follows:

RMSE ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPL
j¼1 yj � ŷj

��� ���2
L

vuut
; (32)

where j ¼ 1,2,…,L, yj and ŷj are real and predicted values,
respectively, and L is the total number of test data samples.

Case Studies

Two industrial application case studies are given in this
section for performance evaluation of the proposed method:
the sulfur recovery unit (SRU) process and the debutanizer
distillation process.

SRU process

The SRU can remove environmental pollutants from acid
gas streams before they are released into the atmosphere.
Two kinds of acid gases are taken as inputs of this process,
which are MEA gas (rich in H2S) and the sour water strip-
ping (SWS) gas that comes from the SWS plant and is rich
in H2S and NH3. In this process, MEA and SWS gases are
first burnt in reactors, through which H2S can be transformed
into pure sulfur. Then, the products are cooled to generate
the liquid sulfur. Finally, the liquid sulfur is passed through
high-temperature converters, and the sulfur can be pro-
duced.42 A simplified scheme of the SRU process can be
described in Figure 1.

To monitor the conversion process and improve the sulfur
extraction rate, soft sensors are necessary, which can be used
for online measuring the concentrations of both H2S and

Figure 1. A simplified scheme of the SRU process.2
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SO2 in the tail gas of each sulfur line. In this special SRU
process, five process variables are used as the input varia-
bles, which are listed in Table 1, and the concentrations of
H2S and SO2 are considered as the two output variables. For
model construction, a total of 1680 data samples have been
collected. Similarly, we partition the dataset into two parts:
the labeled dataset and the unlabeled dataset. Different pro-
portion values of the labeled dataset have been studied,
which are between 50 and 5% of the total data samples.

First, the number of principal components should be deter-
mined. Through the same Bayesian regularization method in
the numerical example, the number of principal components
is selected as 3. Different from the numerical example, only
the last dimension of the loading matrix C has been
switched off. The a or b values are presented in Table 2,
through which we can easily find that only the last value of
b has become infinity. Correspondingly, the three-dimen-
sional exhibition of the squared element value of the loading
matrix C is shown in Figure 2. Therefore, the number of the
principal components should be determined as 3.

After the number of principal components has been deter-
mined, we are in the position to evaluate the performance
of the semisupervised PCR soft sensor. For comparison, we
use the following three different soft sensors: (1) the tradi-
tional PLS-based soft sensor, (2) the soft sensor based on
self-training method and PCR, and (3) the soft sensor based
on the missing data estimation and PCR. The detailed pre-
diction results of all four soft sensors under different pro-
portion values of labeled data are provided in Table 3.
Through this table, we can find that with the increase num-
ber of labeled data samples for model construction, the pre-
diction performances of all methods will be improved.
However, the semisupervised PCR soft sensor performs
much better than that of the PLS soft sensor, especially
when the proportion of the labeled data samples is small. It
is noted the other two soft sensors also perform much better
than the PLS-based soft sensor, this is because both of them
have used additional unlabeled data samples, which is the
same case of the proposed method. The detailed prediction
results of semisupervised PCR- and PLS-based soft sensors
under the lowest proportion value are presented in Figure 3.
By comparing the two results, it can be found that the accu-
racy of the semisupervised PCR method is much higher
than that of the PLS method. Particularly, the prediction
performance has been greatly improved in the data samples

250–450 and 1450–1600, which are highlighted by two
ellipses. To be clear, the detailed results of these two spe-
cial periods are enlarged and are shown in Figures 4a, b,
respectively. It is straightforward that performance of the
soft senor will be improved when new labeled samples are
included, because the additional data information has been
incorporated. However, compared with PLS, the semisuper-
vised PCR method can incorporate the labeled and unla-
beled data information simultaneously. In our opinion, semi-
supervised PCR is more efficient in extracting data features
than PLS when the training dataset consists of unlabeled
data samples.

Debutanizer distillation process

Traditionally, the debutanizer distillation process is a part
of the desulfuring and naphtha splitter plant. In the naphtha
stream, propane and butane are removed as overheads. To
improve the control quality of the debutanizer column, real-
time estimation of the butane content is very important. A
number of sensors are installed on the plant for product
quality monitoring. The detailed description of the debutan-
izer column is shown in Figure 5, in which gray circles rep-
resent the used process variables in this case study for soft
sensor development.43

For prediction of the butane content in this process, seven
input variables have been selected, which are listed in Table
4. A total of 1400 data samples have been collected in the
normal process. The dataset can be partitioned into two
parts: the modeling database (1000 samples) for training and
the testing dataset (1000 samples) for testing. Similarly, we
partition the training dataset into two parts: the labeled data-
set and the unlabeled dataset. Different proportion values of
the labeled dataset have been studied, which are between 50
and 10% of the total data samples.

Previously, the number of principal components should be
determined for the prediction model. Through the Bayesian
regularization method, a total of three principal components
have been selected. Similarly, the values of a or b are tabu-
lated in Table 5, through which we can easily find that the

Table 2. a and b Values of Different Principal Component
Directions in SRU Process

Principal Component Directions 1 2 3 4

a values 2.90 2.93 7.07 37.89
b values 1.07 1.10 1.56 Inf

Figure 2. Three-dimensional exhibitions of the squared
element values in the loading matrix C.

Table 1. Input Variables of the Soft Sensor in SRU Process

Input Variables Number Variable Descriptions

x1 MEA gas flow
x2 First air flow
x3 Second air flow
x4 Gas flow in SWS zone
x5 Air flow in SWS zone
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last three values of b have become infinity, which means
their corresponding dimensions should be switched off from
the model structure. Correspondingly, the squared element
values of the loading vector C are shown in Figure 6, through

which we can also find that the last three dimensions of the
loading vector have become zero. Next, the testing dataset is
used to evaluate the performance of the four different soft
sensors. Detailed prediction results of all soft sensors under

Figure 3. Prediction results under the proportion value of 5%.

(a) Semisupervised PCR and (b) PLS. [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Table 3. Prediction Results (RMSE) of Two Soft Sensors under Different Proportions of Labeled Data

Soft Sensors/Proportion 5% 10% 15% 20% 25% 30% 35% 40% 45% 50%

Semisupervised PCR y1 0.1266 0.0780 0.0591 0.0595 0.0572 0.0571 0.0549 0.0548 0.0545 0.0538
y2 0.0637 0.0592 0.0586 0.0572 0.0572 0.0570 0.0570 0.0568 0.0567 0.0567

PLS y1 0.2012 0.1775 0.1576 0.0639 0.0587 0.0585 0.0577 0.0564 0.0554 0.0545
y2 0.0774 0.0775 0.0731 0.0577 0.0569 0.0574 0.0569 0.0572 0.0571 0.0569

Self-training y1 0.1312 0.1054 0.0624 0.0601 0.0574 0.0573 0.0561 0.0555 0.0545 0.0541
y2 0.0654 0.0601 0.0588 0.0572 0.0571 0.0572 0.0571 0.0569 0.0568 0.0567

Missing data estimation y1 0.1712 0.1313 0.1176 0.0599 0.0572 0.0573 0.0553 0.0551 0.0547 0.0544
y2 0.0689 0.0631 0.0617 0.0575 0.0573 0.0572 0.0574 0.0571 0.0569 0.0569
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different proportion values of labeled data are provided in
Table 6. Similarly, the semisupervised PCR-based soft sensor
has better prediction performance than other three soft

Figure 4. Detailed prediction results of two particular time periods.

(a) 250–450 and (b) 1450–1600. [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 5. The flowchart of the debutanizer column.2

Table 4. Input Variables in the Debutanizer Column

Input Variables Description

u1 Top temperature
u2 Top pressure
u3 Reflux flow
u4 Flow to next process
u5 6th tray temperature
u6 Bottom temperature
u7 Bottom temperature
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sensors in most cases. Compared with other soft sensors, the
PLS-based soft sensor has poor performance, because it has
only used the labeled dataset for modeling and totally ignored
the information of unlabeled data samples. It is noted that all
three semisupervised manner soft sensors show significant
improvements to the traditional PLS-based soft sensor.
Therefore, based on industrial application case studies of this
example and the SRU process, we think it is necessary to
include the unlabeled data sample for soft sensor develop-
ment. Compared with the traditional supervised soft sensor,
the semisupervised soft sensor is more efficient for online
estimation and prediction. The detailed prediction results of
semisupervised PCR- and PLS-based soft sensors under the
proportion value of 10% are presented in Figure 7.

Conclusions

In this article, a semisupervised Bayesian method has
been proposed for soft sensor modeling. Different from tradi-
tional soft sensor models, the unlabeled data information can
also be incorporated in the new model structure, based on
which the prediction performance of the soft sensor can be
further improved. To determine the effective dimensionality
of the principal components, the Bayesian regularization
method is used into the semisupervised PCR model. As a
result, the dimensionality of the principal components can be
automatically determined, which is controlled by two hyper-

parameters in the Bayesian model. To evaluate the efficiency
of the newly developed soft sensor, two case studies have
been studied, both of which gave satisfactory results.

Acknowledgments

This work was supported in part by the National Natural Science
Foundation of China. (61004134, 60974056), the National 863 High
Technology Research and Development Program of China
(2009AA04Z154), and China Postdoctoral Science Foundation
(20090461370).

Notation

X [ Rn�m ¼ process variable matrix
X1 [ Rn1�m ¼ labeled process variable matrix
X2 [ Rn2�m ¼ unlabeled process variable matrix
Y [ Rn�r ¼ predicted variable matrix

n ¼ number of data samples
n1 ¼ number of labeled data samples
n2 ¼ number of unlabeled data samples
m ¼ number of process variables
r ¼ number of predicted variables
k ¼ selected number of principal components

P [ Rm�k ¼ loading matrix of the PCR model
T [ Rn�k ¼ principal component matrix of the PCR model

Table 5. a and b Values of Different Principal Component
Directions in Debutanizer Column

Principal Component
Directions 1 2 3 4 5 6

a values 3.06 6.17 6.66 7.03 10.33 10.35
b values 4.99 5.48 6.58 Inf Inf Inf

Figure 6. Squared element values in the loading vector
C.

Table 6. Prediction Results (RMSE) of the Soft Sensor

under Different Proportions of Labeled Data

Soft Sensors/Proportion 10% 20% 30% 40% 50%

Semisupervised PCR 0.1810 0.1785 0.1683 0.1530 0.1505
PLS 0.1948 0.1862 0.1765 0.1579 0.1568
Self-training 0.1845 0.1795 0.1689 0.1529 0.1507
Missing data estimation 0.1889 0.1805 0.1715 0.1541 0.1516

Figure 7. Prediction results under the proportion value
of 10%.

(a) Semisupervised PCR and (b) PLS. [Color figure can be
viewed in the online issue, which is available at wiley
onlinelibrary.com.]
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C [ Rr�k ¼ regression matrix of the PCR model
xnew [ Rm�l ¼ new data sample

e [ Rm�l ¼ noise vector of input variables
f [ Rr�l ¼ noise vector of output variables

r2x ¼ noise variance of the input variable
r2y ¼ noise variance of the output variable
H ¼ parameter set of the semisupervised PCR model

trace(�) ¼ a calculator for matrix trace
a ¼ hyperparameter set corresponding to the loading matrix P

b ¼ hyperparameter set corresponding to the loading matrix C

min[�] ¼ extract the minimum value
dim(�) ¼ dimensionality of the corresponding loading matrix
const ¼ constant value

d ¼ maximum dimensionality value of the principal component
A ¼ diagonal matrix of the hyperparameter set a
B ¼ diagonal matrix of the hyperparameter set b

P(:,1:k) ¼ first k columns of the P loading matrix
C(:,1:k) ¼ first k columns of the C loading matrix
RMSE ¼ root mean square error
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Appendix: Derivation of the EM Algorithm
for the SBPCR Model

In the E-step of the EM algorithm, the posteriori distribu-
tion of the principal components under labeled and unlabeled
data samples can be calculated as follows:

pðtjx; y;P;C; r2x;r2yÞ ¼
pðxjt;P; r2xÞpðyjt;C; r2yÞpðtÞ

pðx; y;P;C;r2x;r2yÞ
(A1)

pðtjx;P; r2xÞ ¼
pðxjt;P; r2xÞpðtÞ

pðx;P; r2xÞ
: (A2)
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It is noted that all terms in the right side of Eqs. 35 and
36 are Gaussian distributed. Therefore, the posteriori distri-
butions of the principal components under both types of data
samples are also Gaussian. Thus, the expected sufficient sta-
tistics of the corresponding principal components can be eas-
ily obtained as follows:

Eð̂tjjxj; yjÞ ¼ ðr�2
x PTPþ r�2

y CTCþ IÞ�1ðr�2
x PTxj þ r�2

y CTyjÞ
Eð̂tĵtTj jxj; yjÞ ¼ ðr�2

x PTPþ r�2
y CTCþ IÞ�1

þEð̂tjjxj; yjÞET ð̂tjjxj; yjÞ ðA3Þ
Eð̂tn1þi

jxn1þi
Þ ¼ ðPTPþ r2xIÞ�1

PTxn1þi

Eð̂tn1þi
t̂
T

n1þi
jxn1þi

Þ ¼ r2xðPTPþ r2xIÞ�1

þEð̂tn1þi
jxn1þi

ÞET ð̂tn1þi
jxn1þi

Þ ðA4Þ
where j ¼ 1,2,…,n1 and i ¼ 1,2,…,n2. In the M-step, by
maximizing the log posterior distribution function given in
Eq. 20 with respect to P, C, r2x, and r2y and set them to zero,
yields the following results

@½ln pðP;CjX;YÞ�
@P

¼ 0 )(Xn1
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¼ 0
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